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THE SUBGROUPS OF ORDER A POWER OF 2 

OF THE SIMPLE QUINARY ORTHOGONAL GROUP 

IN THE GALOIS FIELD OF ORDER pfn = 81? 3* 

BY 

LEONARD EUGENE DICKSON 

1. The group of all quinary orthogonal substitutions of determinant unity in 
the GF [p" ], p> 2, has a subgroup OQ of index 2 which is simple. The 
latter is simply isomorphic with the quotient-group Q of the quaternary abelian 
group anid the group composed of the identity and the substitution which merely 
changes the sign of each variable. The difficulty in the employment of Q is 
apparent, while for OQ there is unfortunately no known practical t criterion to 
distinguish its substitutions from the remaining quinary orthogonal substitu- 
tions. While the abelian form seems best adapted to the determination j of 
the subgroups of order a power of p, the orthogonal form is found to possess 
advantages in the study of the subgroups of order a power of 2. 

The case pn = 81 ? 3, namely, that in which 2 is a not-square in the GtF [pn ], 
is here treated on account of its simplicity (comnpare in particular ?? 2, 4, 5, 22) 
and in view of the applications to be made in subsequent papers in these 
T r an s a c t i o n s to the determination of all the subgroups when pn= 3 and 
pn = 5. 

There is established the remarkable result that, independent of the values of 
p and n (such that pn is of the form 814 3), the group Q contains the same 
number of distinct sets of conjugate subgroups of order each power of 2, one set 
of representatives serving for every OQ (compare the diagrammatic summary in 
? 21, the group notations being given in earlier sections in display formule sepa- 
rately numbered). Moreover, except for the subgroups of orders 2, 4, and certain 
types of order 8, the order of the largest subgroup of OQ in which a group of 
order a power of 2 is self-conjugate is independent of p and n. 

* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received for 
publication, July 28, 1903. 

t In the theory we have recourse to the generators (see ? 2). When this becomes impractic- 
able, we resort to the isomorphism with the abelian group by means of the "second-com- 
pound " theory (compare g 11, 40, 44). 

t Transactions, vol. 4 (1903), pp. 371-386. 
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By way of check, it may be stated that the results of ?? 10, 11 and all after 
? 21 were first established by other methods in the case pt = 3 and in part for 
pn = 5 

ORIENTATION OF THE CASE pn = 81 + 3, ?? 2-5. 
2. The simple quinary orthogonal group OQ in the GF [pn], p > 2, has the 

order 

( ) Qn p - 2 _p4n (p4,} 1_ ) (p2 lj). 

We observe the following lowest orders: 

3-..26 34 59 1j526 254.13 72 32.52.74 

&il111=26 32 .62.114 61, Q113=26.32.5 72 134.17, 

1, 17=210 34.5 174 29, 1, 19=26 34.52.194 181, 2, 3-28 38 52-41, 
fl =28 32 51813 313 , = 2=10. 32.54 78.1201, 26p312 5 2.132 73. 

Let pn = 2k + 1. Then 2 (p2nl + 1) is odd, while 

(p2n_, l1)2 = 26 [4k(k + 1)]2. 

Hence Qi p is always divisible by 26. The condition that 26 shall be the high- 
est power of 2 occurring as a factor is that 1 k ( k + 1 ) shall be odd. Accord- 
ing as k = 2t or k = 2t -1 , we have k =4j + 2 or k = 4j + 1, upon replac- 
ing the odd nuinber t by 2j + 1. Hence p" = 8j + 5 or 8j + 3, respectively. 

THEOREM. The highest power qf 2 occurring as a factor of Qn p is 26 if 
and only if pn = 81?3. 

3. By Linear Groups, ?? 181, 182, 189, OQ is generated by 

(2) Qa = ( 0'f)2, 
O9'yOP 

' (i,j, k, 11, ** *, 5 ), 

where a and ,B are arbitrary solutions of x2 + yl = 1 , p and a- fixed solutions, 

i,ji . =ai + 18)j 
= + axj 

the cases pn = 3 and pn = 5 alone being exceptional. Let 

(V C = 
tj ) = ji l 

noting that these linear substitutions do not compound as literal substitutions; 
for example, ( 13) ( 1 2) = ( 1 2 3)* Let 

C: . , (jr1,. .5;j*i). 

Then for pn = 3, the generators are the C. Cj. ( and 

W =2 {l 1 t2 3 j 4 k =1 2 + 3+ 4 



1904] OF 2 OF THE QUINARY ORTHOGONAL GROUP 3 

For pn 5, the generators are the Ci C ( j) ( and 

R R-1:~~~~~~~ {lt+2 2 3, 2= t,+ 2t2 -43- 201+t+3 

4. The conditions that QV ' shall reduce to ( 4#,) Ci are 

2a2=1, 2acB3 1, 

solutions of which exist in the GF [,pnf] p> 2, if and only if 2 is a square. 
Now 2 is a quadratic residue of all primes of the form 8k ?t 1 and a quadratic 
non-residue of all primes 8k =t 3. Hence (Linear Groups, ? 62), 2 is a not 
square in the GF[ p"n ], p > 2, if and only if pfl is of the form 81 ?ff 3. 

THEOREM. The second type of generators (2) may be replaced by (aj) () ( {) 
if and only ifpfn= 81 -3. 

5. We are therefore led to the group * merely permuting 2, .*2, 2; ViZ., 

(3) C960 = { group generated by all the CiC1 and ( i( 
For brevity set CO= C102C3C4 C3. Then GC60 has the commutative subgroup 

(4) C16 ={I,CC. (i j= 0 1 2 3 4, 5; j> i)}. 
The alternating group on 5 letters is simply isomorphic with the subgroup 

(5) G60 = { group generated by all the (j ,) ( . 

Extending the group G16 by the substitutions 

B= identity, B2 (t1 2)(t3A4) B3= (41t3)({2 4)' B4= (t1$4)( 2{s)' 

we obtain a subgroup of G960 whose substitutions are given uniquely thus: 

(6) G64 = {Bk, BCiCj (k=j1, 2 , 3, 4; i,j=0, 1..., 5;j>i)}. 

THEOREM. The subgroups of 0Q, qf order the highest power of 2 contained 
in Q are of order 26 and conjugate with G64 if and only if pn is of the form 
81 ? 3; namely, if 2 is a not-square in the GF [pn], p > 2. 

REPRESENTATIVES OF THE SETS OF CONJUGATE SUBGROUPS OF ORDER 

A POWER OF 2 WITHIN OQ, ?? 6-21. 

Distribution of the substitutions of G64 into sets of conjugates. 

6. The substitutions in the four following sets 

IC tC1C2C4 C2 C2 CC4; C1Q C5 C3 9C2C4C5, Q2Q3C4 C5; 

Q2 5 Q Q4 C5 I 9C C2 C3 0 1QQ Q C 4 C ; C 1C2 C C1Q4 9 C2 Q3 Q C3 C4; 

transform B3 into B3, B3 Cl C3, B3 C2 C, B3C1 C2 C3 C4, respectively. Further, 
* Two sets of generational relations for G960 are given in Linear Groups, p. 293. 
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the B. are commutative. Hence B. is conjugate within G6L only with B3, 
B301 C3, B3C C2 4 and B3 Cl C0 C30C4. Now ( t3 03) transforms G64 into itself if 
k = 2 3 or 4. Hence if 1 and m denote the two integers left in the set 2, 3, 4 
after the exclusion of k, the substituitions 

Bk , BkOCL CO, BklCmC, B,AC1 30C4 

form a complete set of conjugates within G64* Next B. transforms C0 C, into 

CiC5, so that the substitutions C0 C5( i = 1 , 2, 3, 4) form a complete set of 
conjugates. Since B2, B3 and B4 transform C1 C2 into C1C2, C3C4 and C3 C4, 

respectively, C1 C2 is conjugate only with itself and C3C4. Likewise for C1 C3 
and C2C4, for C1C4 and C2C3. Evidently C1C2C3C4 is self-conjugate. 
HenceB2, B3 andB transformnB 0 into B, C C200 B7C C3 C4 and B O CO 2 9 3 4 ,~~ 1, 2 kC42 3 4k 

respectively; while the substitutionis of G16 transform B3C032 into B3C10C, 
B3 C2 C3, B3 0 C4, B3C30C4 and transform B3 0304 into B3 0C 04, B3 C1C4, 
B3 C2 C3, B3 C1 C2. Hence B3 C0 C3 is conjugate only with itself and B3 C1 C4, 

B3 C3 C2, B3 C304. Applying the above transformation ( 03 {), we obtain the 
conjugates to Bk, CO Cl 

Since B3 is one of four conjugates and since B. transforms B3010 into 
B3 C0 C50 it follows that the substitutions of GQ4 transform B3 C1 C5 only 
into B3 C, C5 B3 C1 C3 Ci C5 B3 C2 C4 00 C or B3 Cl C2 C3 C4 Ci C5-B3 00 Co I 
where i =1, 2, 3, 4. Hence B3 OOC5 is conjug,ate only with B3 0 C05 and 
B3 C0 0o ( i = 1. 2, 3, 4). Applying the transformation ( 3 a ), we obtain the 
conjugates to BkC, C5 

The substitutions of G4f all into the following 16 distinct sets of conjugates: 

{I}; {0102C3C4}; {CC, C m} {0CiC(i = 1, 2, 3, 4)}; 

fB, B,C1Ck' Bk C C,BC1C2C3C4}; {C0CO(i=1t2,3,4)}; 

k Cl~~~~~~ 
i3 

g Bk0C lQkBk0l0 m?sBk0Ck0Cl BkOCkOm},; { B 00 5 Bk iC 92 ,4)} 

where k = 2, 3, 4, while I and, m denote the two integers left in the set 2, 3, 
4 after the exclusion of k, the order of I and m being immaterial. 

Determination of all the self-conjugate subgroups of G64. 
7. If a self-conjugate subgroup H contains one C0C0,, it contains them all 

and hence also every CCji(, j = 1, 2, 3, 4), so that Hcontains G16* Simi- 
larly, if H contains one 0,0C, it contains G16. If H contains C1 Ck, or Bk 
or BkC 0C0, it contains the respective commutative group 

(7) G4= {I, 0ClCk ClCm ClC2 030C4 }, 

(8) Gk 8{Bi, B0C1Ck, IiOCIC, B0C1C2C3C4(i = 1, k)}, 
(9) HI {I, 0Ck0k C0 C0 C1C2C30C4, Bk0Cl0 Bk0lQ,Cn BkC,C0I Bk Ck C. 
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If H contains one Bk COCQ, it contains the group 

(10) Hk6 -={I, CJQ, C1C2C3C4, BkG , BkC-Co(i,j= 1, 2, 3, 4)j. 
Hence the self conjugate subgroups of GQ4 are given by the series 

(Ii) I, &= {I, CC2 C3 C4 Gk4 Gk, H7]I G1 Hk6(k = 2 3, 4), 

together with the groups resulting from the combination of two or more of them. 
Now G2 is a subgroup * of all of order > 2; while Gk is a subgroup of G k 

lk, G16 H 26, H6,H6. Any two of the groups G7 combine into 

(12) G C{I i CiC Cl C2C3 C4 (i,j 1,2,3, 4)}. 

Combining H7' with either GI or G4, we obtain the group 

(13) Jk6 {I, CXC;, C1C2C3C4, Bk BkCiCj, BkCIC2C3C4 (ij= ,2, 3,4)}. 

The same group results from the combination of Gk with either G4 or G4; 
also from the combination of Gk with H8. Combinilng H7k with either G' or 
G8, we get the group of all the substitutions of G64 which leave {5 fixed: 

(14) G Bt BtCC B C C2C3C4 (t, i,j= 1, 2,3, 4)}. 

Combining any two of the groups 8, G3, &8, or any two of the groups 
H8, H3, H8, we obtain &32* Combining G16 with any one of the groups 
G8, H8, "l6, we obtain the group 

(15) J32 {I,C j, B7C, B7OCi (ij= 0, 1, 2, 3, 4, 5; j>i)}. 
The same group results from the combination of Hk6 with either Gk or H8k. 

Combining Hf6 with either Gk or H8C, we obtain the group 

(16) H2 {I, C, ClC2C3C4, B7, B CiC.q BkC2C3C4, B C, BtCQ} 
(i,j 1, 2, 3, 4; t= 2, 3, 4; t f=k). 

We have now combined the groups (11) by pairs in every possible way. 
The groups G&, G4, G44, QG all lie in each of the five new groups (12)-(16), 

while G lies also in G and Hk .Now Gk and Hk lie in J6 32 Jk , Hk 
8 ~~~~16 16 8 816 G3 32~ 9 32 9 

but neither lies in J,6 J2 HI2 Also G lies in every Je2, but not in G32, 
nor in any 32k Finally, H 6 lies in J32 H2 Hm2 but not in G J2 Hk nor fJk~ 21 jk 32~ 9 2 329 J32 9 321 

We have therefore to consider the following compositions: 

( G8 &8) (II8 &8) J16, ( G 1 J16) =(I J16) = 329 

( G 2 J32) =(I8 J32) G642 ( G8 '32) (I,8 "32) = G649 

* Hence the self-conjugate subgroups may also be determined from a study of the quotient- 
group G64/G2. 
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( 96, J'6) J32, ( G16 G32) (PG16' H32) - ("16 932) G664 

(II16 J16) J32, 9(Hk69 16 ) =H32 (9169 J32) (HI6' 6 32) G649 

noting finally that any two of the groups G39, Jk, HI12, H'2 combine into G64* 
THEOREM. The group G64 contains, in addition to itself, exactly the 26 self- 

conjugate subgroups given byformulce (11)-(16). 
COROLLARY. The only subgroups of order 32 of G64 are 

G32' 932' H32 (k=2, 3, 4). 

REMARK. Any three groups marked with the affix k ( k = 2, 3, 4) are con- 
jugate in OQ . No two of the groups J32, II33 Q, are conjugate in 0 in view 
of the number of sets of conjugate substitutions in each (?? 8-10). 

Determination of all the serf-conjugate subgroups of J 3. 

8. Proceeding as in ? 6, we readily find that the substitutions of J32 fall into 
the following 14 distiniet sets of conjugates: 

{I}; {ClC2C3C4}; {ClC3}; {C2C4}; {ClC29 C3C4}; {C1C49 C2C3>; 

{Cl CO, C3 C51; { C2 CV,C4 C51; { Cl C2 C3 C-19 Cl C3 C4 C5} ; { Cl C2 C4 C5,9 C2 C3 C4 C59; 

{B3, B3CC3, B3C 4C, B3CAC2C3C4}; {B3CAC2, B3C2C39 B3C1C4, B3C3C4J; 

{B3C,B3C3C5, B3CCoQ B3CCO}; {B3 C2C5, B3C C5, B3C2CQ, B3CQ}. 

If a self-conjugate subgroup H contains C, C2 or C, C4, it contains the group 
G2 or the group G&, respectively. If H contains, C C. or C2 C5 it contains 
one or the other of the commutative groups 

(17) K4={I, C1C5, C3C59 ClQ}, K' 2 5 C4 59 C2C4} 

If H contains C C2 C3 C5 or C1 C2C4 C5, it contains one or the other of 

K {I, C1QQC2C3, C1Q0CC4QC , C2C4}, 
(18) K4 = {I, C1C2C4C5, C2C3C4C5, C1C3}. 

If H contains B3, it contains G3. If H contains B3C, C2, it contains HE3,. If 
H contains B C1 C. or B3 C2 CC, it contains the respective commutative group: 

(19) K1 {I, ClC3, C2C4, C1C2C3C4, B3C1C5, B3C3C5, B3ClCO, B3C3CO}, 

(20) Ks {I C1C3, C2C4 C1C2C3C4, B3C2 C5 B3C4 C5, B3C2C0 B3C4Co}I 
Hence the self-conjugate subgroups of J32 are given by the series 

I, 92 G2 {, C1 C3, G2"= {I C2C4}, G 4 C1 
(2l ) T,= T7tK4 7 K T7 Kll K411 G3 l39 K8, K 
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together with the groups resulting from their composition. Now 

(2 9 G2) =(G2, 2 ) (2, 2 ) 4. 

Also, G2 lies in every G, GI', Hk, KE, K'; (,G2, K4) anid (G2, K) give 

(22) Q8 = fI, CQC3, C2C491 CA3C4, C C59 C3 C5U C1C9 C3CUO}1 

(23) 8=' {I, CC39 C2QC4, ClC2QQ , UCQ, C4QC , 9 C2CO CO 
respectively. Also, 

(G, Kl ) = G" G,K" 8 G G2) = (Gf G4) -=Gs, 
(4I, J=) = G ', (G2, Ks') = 

while G2 lies in K4, K4", G'f IGI, K8, K8' Q, GQ, G8 Since 

C2 C4 = 1 C3 1 C2 C3 C4, 
nothing new results from a combination by GQ', By ? 9, the groups 
G4, G3, G4, 683, H3 and G combine to give only the additional group J16 

Now G, G4 or G combine with any of the groups K4, Kf, Ks', Kf", GQ Q ' 
to give G16 Combining G2 or G' with either 14 or K', we get ff3 Com- 16- 9 4 4 K8 8 9 ~~~~~~~~~~~16' 
bining G with either 14 or K4f", we get Ga; Ga with either K" or K4', we 
get G'. Now GI is a subgroup of K8, K', G8, G' and G'. Next, K4 with 
1C4 or 1C4' gives a16, IKi or KJ' with 1C" gives G16 l4 with Ai" gives a48 
K4 with K4' gives G8'. Next, (K4, C3) and (Kg, a8) are respectively 

(Bi, BCqQC3, BQC2C4, B.CC2C3C4, 
(24) a16 ~ B/11163,5 B,C3C5, BiC C, BC C3CO(i 1, 3) 

(25) Ga = Bj-'G6B2f 

Also, K4' with G3 gives Ga, K4" with Ga gives G6, 4 and K4 with H83 
give 

(26) H r6= {I C13, C2 C4, C1 C2 C3 C4O Cl C5, C3 C5, Cl CO9 C O, B3 C C2, 

.BB3CC41 B3 C2C3, B Q3C4, B3Q , B3C4C, B3 Q, B3 Q 

(27) Hf"f = B2-'Hf B2, 

respectively. Next, K"' with H83 gives H", K4" with H83 gives H'6 

(K4 ) =(K4, 1 K8= G16, (K4, 14) =(K' s4) = 1[6 
Interchanging the subscripts 1 with 2 and 3 with 4, we obtain as the compounds 
of K8 with K4, Kf, K4', K ", the groups H'6 and Hi. Next, 

( a9, K8) = a;6 (G8, K8) = G, (H8, 14) = 16, (H38, K8)-= 

(148, h7) = 17136 (a;, Ga)-=a6, (G, I H83) = 6 (aH', a') =a, 
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and (G', H8) = H". Finally, a combination of a group of order 16 with a 
group not a subgroup of it evidently gives J32. 

THEOREM. The group J32 contains exactly 26 self-conjugate subgroups. 

I, G29 G2, C', G2 , G4, 644 K 4 K' ,4 h K"4 Hjt ,8 

K KI ,Q ' 16, G6, G% , H6, 1 3H 
K8 

-: 
98 9 G8 5 G8'1 G8 , 1 1G s 16 h161 H E16 s 16 1 T6 s32 

COROLLARY. There are exactly 7 subgroups of order 16 of J32. 

Determination qf all the self-conjugate subgroups of H'2. 

9. Its substitutions fall into the following 11 distinct sets of conjugates: 

{I}; ICACAI; {C2C C l34; {CJC3, C2I4}; {IlC4 C2c3A ; 

{B3,C B3C' CQ, B3 C2QC4Q B3ClC2G3U4}, 3C2A Cl C4, 3 C3 C4J; 

{B2C,B2QQ, C B , Co I B2C3COJ; {B2C2C B2CC5, B2C2CQ, B2C4CO}; 

{B4Cj C5 B4C3C5, B4CCO;B4QQ {OB4C2C, B 4QCC5 B4QQ QAQC }. 

Forming the group generated by each substitution and its conjugates, we get 

_I, G2, G2, G 3, G4, G31 3 ?l6 H2 H 2 4 H 

respectively. Combining two or more of them, we obtain the additional groups 

Q8 J36, H32. 
THEOREM. The only self-conjugate subgroups of HY2, aside from itself 

and the identty, are I2, H , G G I1, G8, H"62 16 1 J36 

COROLLARY. There are exactly 3 subgroups of order 16 n H332. 

The self-conjugate subgroups of 32. 

10. Its substitutions fall into exactly 17 distinct sets of conjugates. Indeed, 
aside from the self-conjugate substitutions I and C1 C2 C3 4, any substitution S 
is conjugate only with itself and SC, C2CC. Now every substitution of U2 
is of period 2 except identity and the following 12: 

BkC,CZ, BkCkCy (k, 1=2, 3,4; k+l), 

the square of any one of which is C1 C2 C3C4. It follows that, if S ranges over 
a set of 15 substitutions obtained by taking one and only one of each pair of 
conjugates within G32, the groups 

(28) I, G2= {I1 CC2C3C4; KI {I C,C2C3C4, SC1C2C3C4,9 

together with the groups resulting from their composition, give all the self-con- 
jugate subgroups of U32. 
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It is more convenient to proceed by a different method. From what precedes, 
the quotient-group Q16 = GQl G, is a commutative group all of whose operators, 
aside from the identity, are of period 2. The quotient of 

(16-1)(16-2)(16-4) by (8 -1)(8-2)(8 - 4) 

gives 15 as the number of subgroups of order 8 of QW6* Likewise, it contains 
35 subgroups of order 4 and 15 of order 2. To every self-conjugate subgroup 
of G32, necessarily containing C0C2 C3 C4 (as shown above), there corresponds 
an unique subgroup of Q16, and inversely. We may thus readily obtain all the 
self-conjugate subgroups of G32. Those of orders 1, 2, 4 are given by (28). 
We desire in particular those of order 16. 

Denote by a, b, c, d a set of generators of Q16. As generators of its 15 
subgroups of order 8, we may take 

(a, b, c); (a, b, d); (a, c, d); (b, c, d); (a, b, cd); 

(a, c, bd); (a, d, bc); (b, c, ad); (b, d, ac); (c, d, ab); 

(a, bd, cd); (b, ad, cd); (c, ad, bd); (d, ac, bc); (ad,bd, cd). 

For the generators of Q16 we may take 

a-C C21 b ' Cl C3 - 
= _ B23 d-B21 

understanding in this section that S and 8010C2C304 are identical operators. 

The analytic substitution ( t1 t3 ) transforms the group (a, b, c) into 

(C2QC, C1C2 B2)- (ab, a, d)=(a, b, d). 

Likewise, (tt38 4) transforms (a, b, c) into 

(C4C2, C4C1, B4) = (b, ab, cd)a, b, cd). 

As shown in ? 11, GQ contains a substitution E which transforms 

C C2 C14, B2, B310C4 into B4 C2 C3, B3 C2 C4, C2C3, B C1C, 

respectively. Hence E transforms a into abcd, b into ad, c into a, d into ab. 
It follows that E transforms (a, b, d) into (abcd, ad, ab), identical with 

(ad, bd, cd), and transforms the latter into (cd, bd, b) = (b, c, d). Again, 
E transforms (a, b, c) into (a, d, bc), and the latter into (c, d, ab). Also, 
E transforms (a, b, cd) into ( b, c, ad), and the latter into (a, c, d). 

Hence the following 9 groups are conjugate within G,: 

(a, b, c), (a, b, d), (a, b, cd), (ad, bd, cd), (b, c, d), 

(a, d, bc), (c, d, ab), (b, c, ad), (a, c, d). 
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It is next shown that the remaining 6 subgroups are conjugate. Now C1 C, 
which transforms B. into B,C, CU , transforms 

(a, c, bd) into (a, cb, bda)= (a, bd, cd). 

But ': transforms (a, bd, cd) into (b, d, ac), and the latter into (c, ad, bd). 
Again, C1CU transforms (c, ad, bd) and (b, d, ac) into respectively 

(B3ClC3U B2, B2C2C3) =(d, ac, bc), 

(C1 C3, B2C1C3U 9 B3C1U ) _ (b, ad, cd). 

To the representatives (a, b, c) and (a, c, bd) of the two sets of conjugate 
subgroups of G16, we adjoin C1 C2C3C4 and obtain respectively 

(C C2, C1 C3, B3 U1C C2QC3) 

={Bt, BtCUC, BUC1C2C3C4 (i,j= 1, 2, 3, 4; t 1, 3)}, 

(CU C2, B3, C1C3B2, CU C2C3C4) =F16, 

the former being J316 and the latter defined as follows: 

B,B C C2, Bt C3 C4, BtC1 C2 03C4, 
1 3 4 t 1 2 3 4 (29) F16- B= BcU BU U O 

{BiClC3, BiC2C3, BiCUC4, BiC2C4 (t= -1 3; i= 2 4)f 

THEOREM. Within OQ the 15 subgroups of order 16 of G32 are conjugate 
with the groups J36 and F16 the latter being not conjugate (? 13). 

11. THEOREM. The group OQ contains one and but one substitution qf 
period 3 which transforms B3UCC4 into itself and transforms C1 C4, U1 C2, 
B2 into B3 C2C4, B4 C2 C3, U2 C3, respectively. 

If S is commutative with (B31C4)2 4 it replaces by + 
(?25). Denoting the matrix of S by (a..), we find that B3C1 QS SB3 C1 C4 
leads to the conditions: 

a3l a13, a32 = a14, a33 =a1 a34l, - a2, a,, = a23, a42 -a24, 

a43 - a2l, a44 a22. 

Hence S is commutative with B3C1 C4 if and only if it has the form 

r all a12 a13 a4 01 

-a a a a 
a21 22 a23 a24 ? 

S'=- a13 a14 a11 a2 0 . 

a23 a24 -a21 a22 0 

0 0 0 0 4lj 
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The conditions for CG C4S' = S'B3 C2 C4 are 

a13 = a11, a14 a12, a23 = a21, a24 a22 

The conditions for C C2S' S'B4C2C3 and B2S' =S'C2C3 then reduce to 

a12 =all, a2l = - all, a22 =all. 

The resulting substitution is orthogonal if and only if 4a 2 1. Its determi- 
nant is + 16a 4. Hence must i 1 equal + 1. With these conditions satisfied, 
S' St-2 if and only if al= 2. Then S' becomes 

1 2 2 2 2 

1 1 ~ 0 2 2 2 2 

1 - 0 2 
2 2 2 

l 0 0 0 0 1, 

It has been shown that E belongs to the group of all orthogonal substitutions 
of determinant unity. It remains to show that E belongs to Q,, . For pn = 3, 

= W2( 2 3 4) and hence is in OQ. Forpn= 5, 

E C3 C4 ( t2 4t3 ) R234 C3 C5 -8124 R312 C2 C5 ( 1 4t2 

and hence belongs to Q,,. For pn 11 we find that 

E 1,3 ?123(t13 4)?54 3? '30{3 (2 3 2 4 )2 24 t3 )C2 C4 

anid hence belongs to GU. 
We next treat the general case in which - 1 is the square of a mark i of the 

GF [pn], proceeding as in Linear Groups, pp. 179-180. Making the trans- 
formation of variables there defined, we find that E becomes 

Y12 Y13 Y14 Y23 Y24 Y34 

Y2= 1/4 (1 + i)/4 - i/4 - i/4 (1 - i)/4 3/4 
Yi = (-3+i)/4 (-1-i)/2 (1-/) /4 (-1?)/4 0 .. (1-i)/4 
y 14= i/4 (1-0 i/4 1/4 3/4 (1 i)/4 i/4 
Y = - i/4 (-l i)/4 - 3/4 1/4 (1- i)/4 i/4 

Y24:-1 / 0 --i/ (-1-i /4 (-l+i)/2 (1+i)/4 

Y34 1 3/4 ( 1-i)/4 i/4 i/4 ( l+i)/4 1/4 
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This substitution is found to be the second compound of 

(1 -i)/4 (i1 -i)/4 (3 + i)/4 ( + i)/4 
I(- 1 -i)/4 (1 + i)/4 (1 + i)/4 (3 - )/41 

(3 + i)/4 (- 1 + i)/4 ( 1 - i)/4 (1 - i)/4 ' 

( 1 + i )/4 ( 3 -i )/4 - i1 - i)/4 ( 1 + i )/4 J 

which is a special abelian substitution. Hence X belongs to GU. 

Determination of all the self-cornjugate subgroups of J13. 

12. Its substitutions fall into the following 10 distinct sets of conijugates: 

{I}; {C0C2C3C4}; {ClC13}; {I2C41 {C1C21 C034}; {0CC4, 02C3}; 

{B3,B30102C30;{B0102,B30C304}* {B301 03,B3 C2 C4};{B3 01 C4, B3 C2 C03} 
The only substitutions of period 4 are B C 0C2 B3 C3 C4, B C0 CG, B 0C2C3 

The self-conjugate subgroups of J16 are 

(30) I, G2, G, ', G G4, Gs (S=B3, B3ClC2, B3C1C3, B3ClC4) 

together with all their combinations. Now G2 lies in all these groups of order 
> 2. As shown in ?? 7-8, the groups G2, G', G"', G2, G4 combine to give 
only the additional groups G3 and G8* Either GQ or G' combines with Ks for 
S= B3 or B3C1C3 to give G . Either GQ or G i combines with K4 for 
S= B3 C1 C2 or B3 C0 C4 to giveH3. Combining Ks and K4' for the follow- 
ing pairs 

(S, S ') =(B3, B3 C1 C3), (B3 Cl C2, B301 C4), (B3, B3 ACl C2) 

B3, B3 CC4), (B3C C2, B31CC3), (B30Cl, B3CAlC4) 

we get the respective groups G,3 H H38, J8, J8 J8 J.., where 

(31) Js { I GG2C CGC4, C1C2C3C4, B3, B3CC2, B3G3G4, B3G1G2G3G4 }, 

(32) J' = Is C C4 C2 C3 s C, C2 C3 C4G G B31 B3 CG C4, B3 C2 B3O 81 Cl4 3 134 ~ 1~ 3 312 3 4 

(33\ J" BfIB CC~ J8 = {I, C1C4 C2C31 ClC2C33C4133ClC2 33ClC3 3C2 C4 3 C3 C4 

(34)J .={ I, C1 C2,Q C C, 1GC2C3C4, B31 C3, B31 C4, B3G2Q, B3G9G4}, 

each of the groups J being non-commutative. Finally G2 combines with the 
four Ks, in order, to give J8, J8, J"', J..; while G4 combines with them to 
give J8, J", J8', J8. 

THEOREM. The self-conjugate subgroups qf J36 are the groups (30)-(34), 
together with G&, G8, G8 G 3 J36 
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COROLLARY. The only subgroups of order 8 of J36 are G8, G' H 3 
J8, J8, J8', J8", of which the first three only are commutative groups. 

Determination of all the se(f-conjugate subgroups of F,6. 

t3. Its substitutions fall into the 10 distinct sets of conjugates 

{I}; {C0C2CQ0C};; {B0CQ}; {B2QCUC; fCC2 CsQ ; {B2C2C3QB2ClC4}, 

3B, B3 C1 2C3C4}; B3C C2, B3C3C{B4 CB C, 4 C 2 4} 4 C1 C4B4 2 C3 

Since B2 C C3 is of period 4, it follows that F16 and J16 are not isomorphic. 
The self-conjugate subgroups of F16 are the groups 

(35) I, 42, 04=(B2CQ), 4 (S=-B2C2C3 B3, B3C1C, B4CSQI, B4CAlC), 

together with all their combinations. Now G lies in all those of order 4. 
Combining C4 with the last six groups (35) in turn, we get the commutative 
groups H8, H2, F8, F', F8, F', wbere 

(36)F8= {I1 CC2C3C4 B3, B3C1C2C3C4, BOClC3, BOC2C4(i-2, 4)}, 

(37) F8= {I, C1 C2C3C4, B B B C2, B3CC B4 C4,B 23 

Combining every pair of the KCt we get F8, F', J8 and F* each one, and 
F'' and F." each three times, where 

(38) F ={I, 0CC2C3C4, B3, B30C2C3C04, B1O , BiC2C3(i=2, 4)}, 

(39) Fil= {, 1 C2 3 C 4 2 1 4 B22C3,B C2,B C 4 C1 3,B } (39)FC={I2000 BO 31Q, 30 BO 3l 4 C2 C4' 

(40) F8 ={I,r C, C2, C3C4, C, C2C3C4. B4C, C3, B4 C4, B C2C3, B42 } 

1 3 
424 

43 
4i 

4 
42 4~ 

BOO} 

Finally, G2 combines with the Ks, in order, to give H 2 J8, J8, F8* F*. 
THEOREM.* The self-conjugate subgroups qf F16 are the groups (35)-(40), 

H 2, J8, F* and F16* 
COROLLARY. The group F16 has exactly 7 subgroups qf order 8. Qf them 

H 2 F. and F' are all commutative groups, while J8, F*, F" and F"' are not. 

Determination of all the self-conjugate subgroups qf H36. 

14. Its substitutions fall into the 10 distinct sets of conjugates: 

{ I}; {00QCl4C2C3}; { Cl0C3; C2C4}; {l C12, C3 }; {0 Cl4, C2C3; 

{B3COO5, B3OCiO} (i=1, 2, 3, 4). 

It cointains exactly 8 substitutions of period 4: 

* Another proof may be based on the quotient-group, F16/ 02, which is a commutative group 
all of whose operators aside from identity are of period 2. 
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B3C1 C5, B4Cl Co, B3 C3 C, B3C3C0 (whose squares are C1 C3 ), 
and 

B3 C2 C5, B3 C2 CO CB3 C4 C5 B3 C4 Co (whose squares are C2C4 ). 

Hence H[36 iS not isomorphic with J16. Having its self-conjugate substitutions all 
of period 1 or 2, it is not isomorphic with F6. 

The groups I, Q, G%, G', G', G4, 1K8, 1K7, together with their combiina- 
tions, give all the self-conjugate subgroups of H36. Proceeding as in ? 8, we 
find that the onily additional groups are G3, G8Q H36- 

THEOREM. The only self-conjugate subgroups of H36, asidefrom itself and 
identity, are G2 G2, G', G2, G3 &+, K K9, GG4 

COROLLARY. The only subgroups of order 8 of H16 are K8 H 8 and GQ. 

Thte fifteen subgroups of order 8 of G16- 

15. Since all the substitutions, except identity, of the commutative group G16 
are of period 2, it contains exactly 15 subgroups of order 8 (see ? 10). Since 
there are but 5 products each of 4 of the Ci, any subgroup of order 8 contains 
at least two Ci Ci . Transforming by a suitable even substitution on 0,, *, t5 
we may take C1C3 as the first generator. Suppose first that there is present 
at least one further C,C. or one CQ C. Transforming C, Ci by a suitable 
power of (2 &4 e5)' we obtain as first and second generators C1 C3 and C1 C2, 
The only resulting groups are G8 of ? 7 and 

J M f=I C1Q3 9ClC2' C2C3 ClC59 C 5Ci,2 iC5C C2C3 QC5, 

N8= I, ClC3 Ci,C2C C2C39 C4C5, ClC3C4C5 ClC2C4C5 C2C3QC4C5} 

Suppose, however, that there is present no C1 Ci and no C3C, other than C1 C3. 

Then there must occur one of the following three: C2C4, C2Ci, C4C5. But 
( 2 t. 5 ) transforms C2 C5 into C4 C2 while ( 02 t4 t5) traansforms C4 C. into 
C2C4. Hence we may take C1 C3 and C2C, as the first and second gener- 
ators. The group does not contain C1 C2 C4 CA or C2 C3 C4 C5, not having C1 C, 
or C3C, by assumption. Hence the group can contain only the 8 substitu- 
tions forming G'" of ? 8. 

NOW ( t2 t4 ) transforms G _ into MV . Also ( 2 5 03 t4) transforms G' into 
1V,. Finally, G8, which contains a silngle product of four Ci, is not conjugate 
under linear transformatioln with GQ, which contains three products of four Ci, 
since a product of two C. and a product of four Ci have different characteristic 
deteriiinants. 

THEOREM. Withtin 0 every subgroup of order 8 of G16 is conjugate with 
G8 or else with GC, while the latter are not conjugaite. 
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All the self conjugate subgroups of G'. 

16. Its substitutions fall into the 10 distinct sets of conjugates: 

{ I}; { C1 C2C3C4 }; { C C3 C}; { C2C41}; { Cl C5, C3C5}; { C O C3CO}; 

{B3, B3 C1 C3}; {B3 C2 C4, B3 C1C2 C3 C4}; {B3 C1 C, B3 C };{ B3C~ C B3 C3 Co} 
The only substitutions of period 4 are the four in the last two sets. Hence 
G16 is not isomorphic witb 136; also, evidently not with F Since B 
has the characteristic determinant (1 - p)(1 + p)2(1 + p2), while the four 
substitutions B3 Cl C2, etc., of period 4 in J136 have the characteristic determinant 
( 1 -p) (1 + p2)2, the groups G16 and J136 are not conjugate under linear trans- 
formation. 

The self-conjugate subgroups of G6 are all given by 

(41) I, G2, G2, &', 647, iK4, C45 (B3C1C5), C4 = (B3C1C0), 

(42) -K4 = {I C, C31 B B3 C1l C3 } 
lK**= {II CYC3 B3C2C4, B3C1C2C3C4}, 

together with their combinations. Now G' = {I, C1 C3 } is a subgroup of all of 
order 4. By ?8, any two of GQ, U, G"' generate G3, while G2 with either 
K or K4." gives GQ. Also G"' with either ]4 or E4." gives GQ. Either G or 
G II with either C4Q or C40 gives K8. Either G, or G" with either K* or 4i7 
gives G3. Next, K4 with either C5 or K4A gives 

(43) L8 ={I, C1, C3C5, C1C3, B3 B3C1C5, B3C3C5, B3C1 C3}. 
Also, K4 with either C40 or K41i gives 

(44) L ={1 C1C, C3C5C, C1Q3 B3C1C0, B3C3C0, B3C5CO B3C2C4}. 

Now K4"' with either C40 or K4* gives 

(45) f8={ I C1 C31 C1C, C3Co B3 B3C1 C3, B3C1C0, B3C3C0}. 

Again, K4." with either C15 or ]K47 gives 

(46) T8-={I, CC3 C,CO QC3C, B3C1C5, B3C3C5 B3C5C0, B3C2C4}. 
Finally, we have the relations 

(C4Q C4) , (C4 K4)L8, (C4Q 7) - 8" 

(CO,K* )= T,8 (CO, K**)-=L/, (K*,K**) G3 
THEOREM. The self-conjugate subgroups of G'6 are the groups (41)-(46) 

and G3, 8, E8, G&, GI6 
COROLLARY. The subgroups qf order 8 of G16 are L8, L8, fJ7 T ' Q, 

K], and G3. 



16 L. E. DICKSON: SUBGROUPS OF ORDER A POWER [January 

All the self-conjugate subgroups of H6. 
17. Its substitutions fall into the following 10 distinct sets of conjugates: 

{I}; {C1C2Q C4}; {C1C3}; {C C4}; {C1C3C C3C3}; {C1Co, C C.} 
{B3C1C2, B3C2C3 }; {B3C1 C4, B3C3 Q}; {BC2 C, B3C Co}; 

{B3QC4 C, B3 C2 CO} 
Only the last 8 are of period 4, so that H6 is not isomorphic with G%6, G16, 
orJ36. It is not conjugate with F,6 in view of the periods of their self-conju- 
gate substitutions: Finally, H6 and H36 are not conjugate * within O since 
they are self-conjugate only under J32 and G64, respectively (?? 31, 46). 

THEOREM. The only self-conjugate subgroups of H6 are I, G2, G G 
K4 , K4"', H83, K8' and the groups G3, G, -HI'6 , resulting from their combination. 

COROLLARY. The only subgroups qf order 8 of H6 are H 3, KI, G8. 

The non-conjugate subgroups of orders 8, 16, 32 of CT64. 

18. There are 3 distiniet sets of conjugate subgroups of order 32 in OQ, 
representatives of which are J32 H, 2, H 32 (enid of ? 7); 6 distinct sets of order 
16, represented by G16, H16, , J H36, F16 (?? 8-17). These 6 have 
only the following subgroups of order 8: G8, GQ CG, I E,H, HE, J8 J8, 
J8 , J8', F8 F', F", F.., F, 14, E*, L8, L, Ra, T8, together with sub- 
groups of C16 conjugate with G. or G'"' (?? 12-17). 

Now B2 ( ) ( ) transforms G' into G'", and transforms 18 into K8; 
C,C, transforms J8 into J', and J8' into J"8'; ( t 3)transforms J'8' into F*; 8 8~~~ 82~ 

~ 
E; transforms J8 into F*, F8 into H 2, H 2 into F1, and F'" into J8. Finally, 
C2 C. transforms L8 into L', and J, into T'. Hence the above 21 groups are 8 8 ~~~~~~~~~8 
conjugate within OQ with the following: 

(47) G8 , G" I G3 J89 L, T81 H'3 K89 F8" 

The numbers of substitutions of period 4 in these groups are respectively 

0, 0 , 0, 2, 2, 2, 4, 4, 6. 

In the first place, no two of the groups J8, L8, T8, having exactly 2 substi- 
tutions of period 4, are conjugate under O. Indeed, the two B3 C1 C2 and 
B3C C4 of J8 have the characteristic determinant ( 1 -p) ( 1 + p2 )2, while the 
two B3 C, C3 and B3 C3C, of 18 and the two B3 C1 C0 and B3C3 C0 of fl8 all have 

* Another proof follows from Lemma I, ? 22, taking t 5, since S transforms CIC020304 into a 
substitution of Q(e60 only if it replaces some F, by +5. Then r 5, since S must transform 
C0C3 and 02C4 amongst themselves. Hence S replaces F6 by ? a5 and cannot transform C1C2 or 
C0C, into a substitution involving F5. 
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the characteristic determinant (1 _-p) (1 + p )2 (1 + p2). Moreover, the five of 
period 2 in L8 all have the characteristic determinant (1 + p)2 (1 _ p)3, while 

C1 C,Q- C C3 C o C5 Of 78 has ( 1 + p )4( 1l-p ) . 
In the second place, the groups H 3 and Kh are not conjugate, since the four 

of period 4 in H3 have the characteristie determinant ( 1 _ p) ( 1 + p2 ) 2, while 
the four of period 4 in K8 have (1 - p)(l + p)2(1 + p2). 

Finally, no two of the groups GQ, GQ, GQ3 are conjugate within Q. Indeed 
all the substitutions except I and C C2 Q C, of both Q and G3 have the de- 
terminant (1 + p)2(l - p)3, while C1 C2 C3 C4, C2 C and C, C. of G" have the 
determinant (1 + p)4(l - p), only four of G"' having (1 +p)2(l -p)3. To 
show that G8 and G3 are not conjugate under O, we note that (? 34) Q is 
self-conjugate oiiy under U192 and (? 32) G3 only under Hj92, while U192 con- 
tains a single subgroup G64 of order 64, and h192 three subgroups of order 64. 

THEOREM. Within OQ, every subgr-oup of order 8 is conjugate with one and 
but one of the nine groups (47). 

The subgroups qf order 4. 

19. The commutative group G8 of substitutions of period 2, aside from 
identity, has exactly 7 subgroups of order 4. Any such subgroup contains at 
least two CG Q. Transforming by a suitable even substitution on 019 2' 03 04 
we inay take C1 C2 as the first generator. It contains a second CO C. of the form 
C2C3, C2C4, or C3C4, so that the groups are G' or 

G4 ={I,9 ClC29 C2 C31 Cl C3 ; G4= I ClC2'9 C2 C4 9ClC4} 

Now B2 transforms G4 into G*, and (t 0 4)transforms G* ilto KX4. But 
G2 and K4 are not conjugate in view of the characteristic determinants of their 4 

substitutions. 
Each of the 7 subgroups of order 4 of G'" contains at least one CGCj. Now 

( 2 04 5) transforms C4C5 into C2C4, while ( 02 05 #4) transforms C2C5 into 
G2G4, each transformning G'" into itself. As first generator we may therefore 
take G1G3 or C2C4. The resulting groups are G43, K4, K4, and 

4-{I, C1C3, 9C2C5 C1C2C3C5} G4*= TI, C1l C3, Cl C3C4C5} 
the latter being transformed into the former by B3. But ( 10 $4) transforms 
G' into G, while B transforms K4' into K4"'. 4 U49 2 4 

The commutative gIroup G3 of substitutions of periods 1 and 2 has exactly 7 
subgroups of order 4. Now C1, 5, CA2 C1C2 G (t2043)9 '(M403) B2 
transform G8 into itself and, in particular, transform B3 into B3 C1 C3, B3 C2 C4, 
B3CCl2C3C4, C2C4, C1 C3, respectively. Hence we may take C1 C3 as the 
first generator of a subgroup of order 4. The group is therefore G3 or else it 
contains one of the substitutions B3, B3 C1 C3, B3C2 C4, B3C1 C2 C3 C4. Now 

Trans. Am. Math. Soc. 2 
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I, C1 CQ, C2 C, C, C, transform the preceding four amongst themselves transi- 
tively. Hence the resulting groups are conjugate with KH* of ? 16. Its sub- 
stitutions, other than identity, have the characteristic determinant (i-p)3 ( 1 + p)2, 
so that it is not conjugate with either G2 or K'4". But K,* is not conjugate with 
K4 by ?? 38, 42. 

The group J, contains a single cyclic group ( B3 C, C2) of order 4. It remains 
to determine the groups containing only operators of periods 1 and 2. Since 
B3transforms C C2 into C3C4, we may take C1C2 or B3 as the first generator. 
The resulting groups are 4 and KB of ?10. The latter is transformed into 
G2 by 1. 

The group H38 contains only two cyclic groups of order 4: C3 = (B3C1CQ) 
and (B3C1C2), the latter beinig transformed into the former by C2C5. The 
only further subgroup of order 4 is G3. 

The group F'8" has three cyclic groups of order 4: (B3C1 C2)9 ( B2C1C), 
and (B4C1C3). Now ( 2 3 4) transforms B ClC3 into B3 CC2i (t20 t3) 

transforms B2 Cl CQ into B3 Cl C2 

The commutative group K, contains the cyclic subgroups 

C4 ( B3 C1C), 4= (B3 C1 CO), 
and a single further subgroup G3 of order 4. But C2C5 transforms Co into 
C4. Now C', whose substitutions of period 4 have the characteristic determi- 
nant (1 - p) ( + p )2( 1 + p2), is not conjugate with C3, for which the corre- 
sponding quantity is ( 1 -p) ( 1 + p2)2. 

The group L8 contains a single cyclic group Cs and but two further groups 
of order 4: K* and K4. Now B2 transforms K4 into K4. 

Finally, TJ, contains Co, K*, E"', but no further groups of order 4. 
THEOREM. Within 0Q,, every subgroup of order 4 is conjugate with one 

and but one of the six groups G2, K4, K*, K7', 
(48) C =(B3C1C ) C5=(B3C1C5) 

The subgroups of order 2. 

20. There are exactly two distinct sets of conjugate operators of period 2 
within the simple quaternary abelian group (Linear Groups, p. 105). The 
same consequently holds for OQ. As representatives belonging to G64, we may 
take C1 C2C3C4 and C, C3, which generate the groups G2 and G, respectively. 

THEOREM. Within Q, every subgroup of' order 2 is conjugate with G2 
or G' 

Summary of the subgroups of order a power of 2. 

21. Representatives of each distinct set of conjugate subgrouips of order a 
power of 2 within the group Qa, together with all their incidences, are exhibited 
in the followinig scheme: 
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GM4 

/ 1 \~~~~~~ 3 

G32 11 32 

t1,~ ~ ~~~~K 

V ~~~~H3 G" G LT 

2 c 3 K'4 K4 ' C 

LARGEST SUBGROUPS IN WHICH THE GROUPS OF ORDER A POWER OF 2 
ARE SELF-CONJUGATE, ?? 22-47. 

22. LEMMA I. If, for pf = 81? 3, a substitution of OQ transforms C" C, 
into a substitution belonging to G960, it replaces one of the variables by - -t. 

5 

Let S have the matrix ( ao s . Then C; C) repiaces E a.fj by 
5 

SE, onej + a.t diagonal te + 2a. of t 
j=1, .,., 5 (=1 

j_'t 

SHnce the matrix of a-1 is (ajot, it follows that 

8-1 Co ct 8: {$' -; + 2ait E a it (i= j,***75 

Since 2 is a not-square, no one of the diagonal terms -1 + 2a 2. of the latter is 
zero. But a substitution of G960 has a siDgle non-vanishing coefficient in each 
row (or column). Hence mulst 

aittjt ?(ilj=l .*; $ . 
Hence the product of any two of the five coefficients in the t th column of the 
matrix of S is zero, so that four are zero. It art is the non-vanishing one, all 
the remaining coefficients in the r th row are zero in view of the orthogonal 
conditions. Hence S replaces tr by art ,, where ac = 1. 

COROLLARY I. If S transforms each CO (t = 1, 2, 3, 4, 5 ) into a sub- 
stitution of GU60, then S itself belongs to G9600 

COROLLARY II. ,f S transforms CQCt into itself, it replaces {t by ? = : 
Indeed, -1 + 2a28 - 1 gives atit=0 (i= 1,..., 5; i $ t), whence, 

by the orthogonal conditions, aj = 0(j $ t). 
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COROLLARY Ill. If S transforms into itself a subgroup of GQo0 which 
contains a single CQ-Ct, then S replaces {t by i +t. 

Indeed, S transforms Co C, into a substitution in whose matrix each diagonal 
term is * 0. Since the latter must belong to G960, it is a produiet of the C(. 
But C. C. is not conjugate with COCt, since they have distinct characteristic 
determinants. Hence CO C is transformed into itself. 

23. LEMMA IT. I.f a quinary orthogonal substitution S in any GF[pn], 
for which pn = 81i 3 or 81 -1, transforms each Ck C, ( k, t =1, 2, 3, 4) 
into a substitution replacing 05 by : E05 then S replaces 5 by one of the vari- 
ables or its negative. 

Taking (aj) as the matrix of 8, we get for S' = S-Ck C, 5: 
5 5 

/=ti 2ai E a.,j t-2ait E a.t ( i =- l,, 5) . ~~i ik 
j=1j j=1 

The conditions that S' shall replace 06 by =t t5 are 

1 - 2a k - 2a2= =l a ka.k + aa. ? (j= 1, 2, 3, 4). 

According as the upper or lower sign holds, we have 

a5k + a52t0 or a5 + a= 1 

In the first case, we have the five equations 

a5ka.k+ a5ta. ?= (j=1 ...X5). 

But not all the determinants of the second order of the matrix formed of the 
k th and t th- columns of S are zero. Hence a5k = a t= 0 If, in the second 
case, a = 0, then a5k $?0aR=0 (j=L, 2, 3, 4), and 5=ciSktk in view of 
the orthogonal conditions. 

Now, if every sum of two of the terms a 5, a52 , a53, a54 equals 1, each term 
equals -2-, whence pn = 81 t 1. Then 2 +a5= ,so that pn = 81 + 1, con- 
trary to assumption. Let next one such sum equal 0; for definiteniess, 
a2 + aL42 0. Then a- a54= 0. Since a21 + a3- 0 or 1, a2 - 0 or 1. 
Likewise, a 2 = 0 or 1. But a 2 + a2 = 0 or 1. Hence at least one of the 
terms aL2, a52 vanishes. If both vanish, { = a5, . If a59 * 0, then a,, = 0, 
and = = a52 as shown above. 

COROLLARY. If each transform leaves {5 unaltered, S replaces {5 by -+ 05 
24. Since the CO Ct ( t 1, * ., 5) generate G,6, it follows from Corollary I 

to Lemma I that a subgroup of GU60 containing G16 is seVfco?iuga te within OQ 
only under a subgroup of G,,O. Now the only even substitutions on e1 ..., 

which transform Bk ( k > 1 ) into itself are B1= I, B2, B3, B4; while the only 
ones which transform B2, B3, B amongst themselves are those of the alternat- 
ing group on 1 '21 3 04 
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THEOREM. Within Q, G is self-conjugate only under G9BO J32 is self 
conjugate only under G64. while G64 is self-conjugate only under 

(49) C 192{JiEts 0f.CiCj(E ranging over even subst itutions on , , }. 
25. A substitution S which is commutative with C1 C2 C3 C4 replaces e, by 

? , (Corollary 1I to Lemma I). By Linear Groups, p. 160, the number of 
quaternary orthogonal substitutions of determinant + 1 is 

()n _ pn )(,InO )pn 

Exactly one half of these belong to OQ; for, S( 1 2) 1 is a quaternary orthog- 
onal substitution of determinant + 1 if S is, while one and but one of the two 
belongs to Q. Hence the prece(ing number is the order of the subgroup of 
OQ comnmlutative with C 0C2 0C3C0. Another proof follows from the fact that 
C1C2C3C4 corresponds (Linear Groups, pp. 179-182) to the abelian substitu- 
tion T1 l. The latter is commutative with exactly [pn(p2n 1)]2 abelian 
operatolrs.* 

THEOREM. Within 0Q, G2 is self-conjugate only under Gp2n(p2nl)2. 

The last group can be given a very simple form when pnl= 3. Then 

a21 + a 2 + a 3 + a 42 1 (mod 3) (i=1, 2, 3, 4) 

requires that one or four of the coefficients in each row of the matrix for S 
shall $ 0. In the former case, S belongs to G192' In the latter case, CW 
r eplaces t, by E j a,, tj, C being a suitably chosen product of an even number of 
the C. ( i < 5). Hence S = C W'r1, where r leaves 0l unaltered and replaces 
, by ?5 anid therefore belongs to Gl93* But TV transforms C01C. into 

B,C0C2,0C,. C0 into WC,, and CX into WB00C0C 00C3C4 for i 2, 3, 4. 
Hence S = W-']I , wheie F1 belongs to G192. Hence, for pn 3, the substi- 
tutions commutative with C1 C2 C3 C4 form the group 

(50) G576= {Fr WV , W2 r ( F ranging over 0192)}. 

26. A substitutioni is commnutative with B3 Cl C4 if and only if it has the form 
5' of ? 11. The orthogonal conditions on S' reduce to the four: 

1 + a12 + a13 + al4= 1, alla21 + a12a22 + a13a23 + a14a24= 0, 

a21 + a22 + a23 + a24 =1, a13a2 + a14a22 + a11a23 a12 a24 =0 

* Transactions, vol. 2 (1901), bottomi of p. 109. The number is the same for thequotient. 
group of order 51 sinice P12 transformis 71,-i into T2,-1 = T1, T1,.1 T2, .-1 



22 L. E. DICKSON: SUBGROUPS OF ORDER A POWER [January 

If a 2I + a 2 0, the equations (51) in the secon(d column give 

(52) a21 ra22 + sa24 a23 = sa22 -ra24 

where 
313a14 1a,I a12 1, a 14 a11213 2 + 2 

a 1 2 a 14. 
(53) r= 2 2 2 2 8 2, 

It follows that 

a21 + a23 = (r 2 + 82(2 ( + 2 a2 = (a2 + a24 ) (a11 + a1 2+ a13 + a14) 23 + /\22 I 24P __ a2 2 

The conditions (51) therefore reduce to (52) together with 

(54) a11 + al22 + al23 + 1 12+ 13, a22 + a24 =all + a13. 

By Linear Groups, p. 46, the equation a 21 + al3 2 C has pn _ V or 

pn + pnz _ v sets of solutions in the GF[pn], where v = ? 1 accordiing as 
pf = 41 + 1. Hence there are 2n (2p + -pfl_ 2v) sets a,,, a13 for which 
a2 1 + a 3 is neither 0 nor 1. Each such set furnishes pn _ p sets aI2, a14 satis- 
fying a 2 + al4 1 (a 21 + al3). Next, each of the pn _ v sets of solutions 
of a 21 + a 32 1 furnishes pn + pn, _ sets aI2, a14. Hence there are 

(p _ V)[(p2n 2pn ppn + 2) + (pn+pv- v)]= (pnl v)(p2n P + n ) 

sets a11, * *, a14 satisfying the first condition * (54) and a 1 + al3 * 0. 
If a 2 + a23 - 0 then a12 + a24 1. The last equations (51) now give 

(52') a22 = aa21 + 3a 23 a24 = 8aa21 - aa23, 
where 

a a a + a a,,, a Ia a a 
a a11 a12 + 13a, /= -12 13 - 11a14, 

a2 + ,32 = (a21 + a3) (a 2 + al4) 0. 

Hence a 2 + a24= 0. The condition (51) therefore reduce to (52') and 

(54') a2l +a3 =O a12 +2a14 1 a21 + a23 

and hence have (pn _ )2(pn +pnv - _) sets of solutions aid. 
The total number of sets of solutions of (51) is thus (pn _ V)2(p2fl +pnv). 

The determinant of S' is seen to equal 

? {(alI + a12 + a13 + a14)(a21 + a22 + a23 + a24) 

- (a a 21 + a12a22 + a13 a23 + a14 a24 )2 _ (- a13 a21 + a14 a22 + alla23- a12 a24 )2} 

and hence by (51) equals + 1. The sign ? must therefore be taken +. 

* Since this has p3n _pn, sets of solutions (Linear Groups, p. 47), we obtain a second proof. 
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For pn = 3, only half of the resulting 96 orthogonal substitutions S' of de- 
terminant + 1 belong to 0Q. These are seen to be 

(55) B., B, CC3, B C24 B1QC2C3C4, B QClC2, BC2C3, BClC4, B.C3C 
(i = , 4; j= 2, 3) 

together with their products on the left by WV( t2 f4 43) and its inverse W2 ( i2 {3 t4) . 

For pn = 5, it will be shown that exactly half of the resulting 480 orthogonal 
substitutions S' of determinant + 1 belong to O. AssuIning first that 3 of the 

aij are zero, we obtain the 16 suLbstitutions (55) and 16 others not in 0Q. As- 
sume next that exactly one of the a11 is zero. Then two of the a 2 are + 1 
and one is - 1, so that there are 12 types. For exaniple,* take al1 = a2 = + 1, 
a 13 - 1, a 4-0 . By (54' ), a21 + aS 2= 1. Hence either a21 = 0 whence 

a22- 12 aB3a23 a24 = a la 2a23 by (52'), or else a 3= -, whence 

a22 = all a12a 21 a24 1a2 a13 a21 

In the respective cases, S' becomes 

r all a12 a13 0 0 ' 

1 0 a22 a13 22 alia 3a22 ? 1 22 1113220~~~~~~~~~~~~~~~~~~1 1 
s = Ia-ali: 0 a11 -a12 0 | (all _al -z+ 1) a -aa 0 a 0 

12 1 2 13 3 221222 a 
a12a13 a2. -alla 13a 22 ? a 22 ? 

l 0 0 0 0 1 

all a12 a13 0 0A 

11 12 22 22 11 13 22 

-2a=a| a a 0 aaa _ C] 0 1 al 
a2 + 

2 ~~ 
~~~~~~~13 11 

-122 

- 

- 

0 

0 a a 0 

a11a13a22 a1aa2 aa 0 
I 

0 O O 0 1, 

To show that none of the 16 substitutions S' belong to O., denote S; by 
1~~~~~~~~~~~~~~~~~~~~~~~~~ S* when all al = + 1, a 3= + 2. According as a 2= + 2 or -2, we 

have for S8 

R123 C3 R234 ( 02 t4 ) C2 C3 or R123 C3 R234 ( 2 4 C3 C4 

neither of which belongs to 0. Giving to (aOR, a12, a13) in turn the values 
(1, 1 9 -2), (- -15 -12),(-I,1-1, -2)1(1, - 12),1 ( - -2), 

* Note that one of the four S', B4 S', B3 0, 02 St, B2 (11 C2 SI has a14 0, while each is commuta- 
tive with B3 0104. Also, (j1 2 3 ))S has a2 

1=-1, c4,=a3-+ 1,and belongs to O if and 
only if S' does. 
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-1, 1, 2), (-1, 1, -2), we find for S1: CQC S1Q C4,C CC4S1Cl C, 
1 ClC31 Cl C31 ClC3 Cl C4 l C4C C4CYS Cl*C3US* 
To show that all the 16 substitutions S2 belong to O., denote S2 by S* when 

a = a2= + 1, a13= + 2. According as a22= + 2 or -2, we have for S' 

R123 C2 C5 R234 C2 C5U or R123 C3 C4 R234 Cl C4U 

Giving to (all, a12, a13) in turn the values (1, 1, - 2), (- 1, -1, 2), 
-1, -1, -2), (1, -1 2), (1, -1, -2), (-1, 1, 2), (-1, 1, -2), 

we find for S: C3 C 2*C 3U, C3C4S2*CC4 52C1CC3 CU1C382 C1C3 
14 2C1 4 C 14 2C3C4' C382 

Assume lastly that none of the a11 are zero. Then every a 2- 1. By 
(54), a22 + a 24 - 2, so that a 2 + a23- 2 (mod. 5). Hence every 
a2 -1. By (53), 

r= 2(a 13 a14 - ala2), s = 3 (all a14 + a12 a3), rs- 0. 
Let first s _ O so that a14 = alla12a13, r - a,a12. By (52) we find for S': 

a 11 a12 a13 all aI2 a13 0O 

all a 12 a22 a22 al1a12 a24 a24 0 

S3' | -a a a a a a,2 0! 83 ~~~13 11 12 13 11 1 

I -alla12a24 -a24 ala 12 a22 a22 0 

0 0 0 0 o 1 
Denote S3 by S* when al, a 2 a3 + 2. For a22= a24+ 2, we have 
for S3* 

S3 C2 C4 ( {2 4{3 )R23 C2 C4-7?124 ( #l 3t2 ) R123 ( l 482 ) C3C4 * 
For a2=a24= -2, S= S**C U4. For a22= , 2a24=-2, 

* becomes 
22 243 32=2 

3 -C2C4 ( t2 4t3 )R234 C2 C4 Rl24 ( l 283 ) R,23 ( el 4 6 ~2 ) C.- 
For a22 = -2, a24= + 2, S3 becomes S **C2C4. Hence S3 belongs to 0O 
if and only if a22 a24. Next, S3 becomnes C2C4CUCC4 when a a 132, 
a = - 2; hence must a22= a24 Again, S3 becomes U2UC43 U1 CU C, C4 when 
all = a13 = 2, a12 ? + 2, whence must a22= a24 Also, S-S CC3 when 
a = a22=- 2, a13 -2, whence must a -a24 Denote S' by [a, ] 
when a a2 =2, a 3=-2. Then [a, -3] C= C4 Sx3 U4, whence 
must a22 =-a F ? + 2, 83 [a, 3 ] CU C3, whence 22 24 For -a -- t313 
must a22 = a24 For all=2, a12 a,3 = - 2 AS' C2U4 [- a, - 3], 
whence must a 22- a 24. FiUally, 83= C2C4 [-a, -3] C1C3, when 
all= -2, a12 = a13 = + 2, whence must a22 = - a24. To summnarize, 8' 

belongs to OQ only when a22 + a24 if al, = + a13, and a22 =-a24 if a,1 = -a13, 
or briefly, only when a24 = a,la 13 a22. 
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Let next r=O0 so that a a- a3, s =_a a Then by (52), 
a 1a4 a1 -21 12 13 2 

a21 a12 a13 a24 a23 = a0 a3 a22 

For all= a12 = a13=a22=a24 = + 2, S' becomes * E of ?11 and hence 
belongs to Q. Hence, in view of the preceding case, the general S', with 
r = O, belongs to OQ only when a 2--alla13 a22' 

We may comnbine the two preceding cases as follows: An orthogonal substi- 
tution S' with every a1 1 0 belongs to 0O if and only if 

(56) a21= all a12 a22 a23 =all a14 a22 a24 --al a- 3 a222 

Hence of the 480 orthogonal substitutions of determinant unity which are 
commnnxutative with B3 01 04S, exactly 240 belong to OQ for pn =5. 

In the general case there are exactly 21 (pn - V) (p2n _ 1 ) pn substitutions of 
0 commutative with B31 CC4, where v = t 1 according as pfl = 41 ?1. 
Indeed, S1 = ( ) 01 S iS commutative with B3 01 04 if S is, while only one of 
the pair S, Sl belongs to OQ by ?? 3, 4. 

Now B3 transforms B3 -' 04 into its inverse B3 0203. 
THEOREM. Within 0O, the group C3 (B3 C0 0Q) is self-conjugate only 

under a group G(pn,v)( p2_l)pn 

27. We may now readily determine the largest subgroup transforming G32 
into itself. The latter has exactly 12 substitutions of period 4: BkCI Cl 
k 1 i 2, 3, 4; k ? 1. They are all conjugate within G192, under which G32 is 
certainly self-conjugate. Indeed, B and C20C transform B3 C, C4 into B3 C2 C3 
and B3C1 C2, respectively; ( 2 03 t4) and ( t2 t4 03) transform B3 C1 C2 into 
B2 C1 C4 and B4 C1 C3, respectively: C2 C0 transforms B4 C0 C3 into B4 C0 C2; B3 
transforms B3C0C2 into B3C3C4, B4 10C into B4C3C4, and B2C1C, into 
B2 02C3; 2 C, transforms B2 C2 C3 iInto B2 C C3; B2 transforms B2 0103 into 
B2C2C4, and B4 C1 C3 into B4 C2 C4 - 

We next show that exactly 48 operators of 0Q transform G32 and the substi- 
tution B3 C1C4 each into itself. It will then follow that G32 is self-conjugate 
only under a group of order 12 x 48. 

For p: = 3, this result follows from ?26 since W2 (02 34) transforms 032 
into itself (? 11). 

For pn = 5 consider in turn the various types of substitutionis of 0Q which 
are commutative with B3C, C4. When 3 of the a1j are zero, there resulted the 
16 substitutions (55). Since they belong to G092, they transform G32 into itself. 
When a single ali is zero, there resulted 12 types of substitutions, one type 
conmprising the 16 substitutions S2, the substitutions of the remaining types 
being of the form r 2S, where r belongs to G012. But S' transforms C1C4 
into 

*Note that 2 O0S** Q( ~2~4) 
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r-1 2a12 a22 2a 1a 13 ? 1 

|2a 2 a 1 ? 3a0 a O 
r 1 12 22 11 13 

12 
22~~~~~~~~~~~~~~~~1 22 

2alla13 0 1 2a12a22 0 (a2 g 21) 

3aa ~~~2aa -1 0~1 
1= 

0 3a,1 a13 1a12 a22 1 

L 0 0 0 0 1j 

which does not belong to G32 since its non-diagonal terms do not all vanish. 
Hence the 12 types are all excluded. Finally, when none of the a j are zero, 
there resulted the 32 substitutions S of the form S' with every a2. a22 a 1 lj 2] 

and satisfying (56). We verify that S transforms C, C0 into 

ro x , 0 01 

X. 0 O - 0 

(57) | 0 0 x o j (- 2all2C1c2X1s2cX14cL22) 

0 ~ x 0 01 

L0 0 0 0 1j 

Since X2 + p2 = 1, either X O or,=O. If X=O, then a4=-a11a 2aa3, 
= -alia13, and (57) is B3C1C3 or B302CC. If =0, then a14= a1,a12a13, 

X=- al 22 . and (57) is either B2 or B2 1 C C3 C4. Hence (57) belongs to 

C32 in every case. 
Next, S transforms C0 C2 into 

ro0 0 p 
0 0-p 0f 1 

(58) | 0 0 0 O (p2cLI L,-2c13-a12 Cl, ) 
I~~ ~~~~~~~~~~~ I p2a4 CM22 - 2all a12 a13 aL22 

p U 0 0 0O 

[0 0 0 0 1 j 

Since p2 + 2 _= 1 either p _ O or r- =0. If p 0, then a14- alla12a13 and 
(58) is either B3 or B3C0C2C3C4. If =0, then d4 _ -a a13 and (58) 
is either B41C 4 or B42C3. Hence (58) belongs to GC2 in every case. 

Finally, S transforms B2 into 
f a 0 /3 0 0 

0 a 0 - o 0 
(59) |3 0 - a 0 0 + 

2=L132a4) 

0 -/ 0 a 0 

0 0 0 0 ii 
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Then a2?+32=I. If a 0, then a14=all a12 a13 and (59) is either B3 1 C3 or 

B3C2C4. If _ 0, then a14=- alla2a13 and (59) is either C1C4 or C2C3. 
Hence (59) belorigs to G32 in every case. 

The general case will be established indirectly. Of the substitutions trans- 
forming B3 Cl C4 into itself and hence also its inverse B3 C2 C3 into itself, B4 
transforms B3 C1 C2 into B3 C3 C4; Y; of ?11 transforms B3 C1 C2 into B4 C1 C3 , 
and the latter into B2 C1 C4; B4 transforms B4, U1 Qinto B4C2C4; B2C1C2 
transforms B2 U1 C, into B2 U2 C3. Hence 6 of the 12 substitutions of period 4 
in G32 are conjugate with B3 C1 C2 by means of substitutions transforming G 32 
and B3 C1 C4 each into itself. We next show that no substitution of OQ trans- 
forms B3 1 C4 into itself and B3Cl C2 into one of the four: B4UC C2 BUUC3C, 
B2 C1 C3, B2UC2C4. The condition B3C1 C2S' =S'B4 C1 C2, where S' is given 
in ? 11, requires that every a1 = a2j = 0, and hence is impossible. Likewise, 
B3 Cl C2US' = S'B2 C1 C3 is impossible. But B4transforms BU C1 C2into BJ C3C4 , 
and B2 C1 C3 into B2 U2 C4. Finally, we show that exactly 8 substitutions of OQ 
transform B3 CC4 and B3C, C2 each into itself. It suffices to find the sub- 
stitutions which are commutative with both B3C1C4 and C2C4. Now 
C2 C4'- = S'C2C4 requires that a12, a14, a21, a23 all vanish. The resulting 
special form S" of S' transforms C1C4 into 

a a23 _ a2 2 2aa13 0 o, 

I O a22 - a2 0 - 2a2a24 0 

(60) 2al a1 0 a2- a 3 0 0 

0 - 2a2a2 0 a2-a22 0? 

1. 0 0 1 

This belongs to G32, when 2 is a not-square, if and only if all a13= 0, a22 a24 = 0 
since the only conditions on S" are a2l + a23 =1, a22 + a24= 1. For all 0, 
S" belongs to OQ if and only if a22= 0, whence S" is B3UC C2, B3U1C4, 
B3C2C3 or B3 C3C4, all belonging to G32. For a13= 0, then a 24=0 , whence 
S" is ,1 CU 3, C2C4, or C1C2C3C4, all belonlging to G32. 

THEOREM. Within 0Q,, the group G32 is self-conjugate only under 

(61) G576 {F = F, z2F (P ra%,ing ov e G192)}. 

28. The group H 2 is self-conjugate under G64 by ? 7. Of the 20 substi- 
tutions of period 4 in H32, the four B31 2 B C4, B C3 B C4 are 
conjugate within G64; likewise the eight B2 CO C5, B2 C0 CO ( 1, 2, 3, 4); like- 
wise the eight B4U Ui5, BU UCO, as follows from the table of conjugate substi- 
tutions of G64 (? 6). Now B2 C1 U5 and B3U1 U4 have the characteristic deter- 
minants (1 -p)(l + p)2(l + p2) and (1 -p)(1 + p2)2, respectively (end of 
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? 19). Hence B3CC1 Q iS conjugate with only 4 of the substitutions of period 4 
of H32. We proceed to show that only 16 substitutions of O transform H 32 
and 3 C C4each into itself and that the 16 are the substitutions (55) belong- 
ing to G64. The proof is similar to that in ? 27. Consider first the case 
pn 5. Then (57) belongs to H 2 if and only if a14 = -11an; (58) 
belongs to H 2 if and only if a14 = + al a12 a13. Hence a transformner with each 
a11 * 0 is excluded. Those with a single alj equal zero are excluded as in ? 27. 
For the general case we proceed as at the end of ? 27. The only substitutions 
transforming B3C1 C4 and B301 C2 each into itself are 8 substitutionls belonging 
to H 32 Indeed, (60) belongs to H 32 when 2 is a not-square, if and only if 
alla3-0, a22 a24 

THEOREM. Within 0U, the group fH32 is self-conjugate only under GQ4. 
29. The group J36 iS self-conjugate under G64 since it is self-conjugate under 

both G32 arid J33 (?? 8, lo). Within U the four substitutions of period 4 of boh32 '32 10.64 
J3 are conjugate with B3 C 4 Q. It therefore remains only to determine all the 
substitutions S of 0. which transform J36 and B3 C 4 each into itself. We 
proceed as in ? 21. For pn = 5, the only substitutions S are the 16 substitu- 
tions (55); for, (57) belongsto J36if and only if a,4- a a a while (58) 
belongs J36 if and only if a4 = + a11a 2aa3. 

In the general case, 5' belongs to G64 if it is commutative with C2C4 (end 
of ? 27). Within U64 the substitutions of period 2 in J36 fall into sets of con- 
jugates as follows: 

C2C4Q C0 Q; C1C2, C3C4; C,C4 C2C3; B3, B3C1C3, B3 C2Q B3ClC2C3C4. 

The conditions for C2C4 ' = S' C,C are al1 =a22=0 (j =1, 2, 3, 4). 
Likewise, S' cannot transform C2C4 into C, C4, nor into B3. 

THEOREM. Within 0Q,, the group J36 is self-conjugate only under U64. 
30. Since G'6 conitains C1C, C3 C0 and CQ C, a substitution S comnmutative 

with it must replace three variables by t 1, ?'= ?3 (Lemma I, ? 22). 
Since further there exists an even substitution on t, ..*, 45 which replaces 
{, , 3 by those three variables, respectively, we may set S = o2&4, r where 
1 belongs to U963. Now O'49 transforms B3 into T1 ( T13)7,, where TI 
replaces 2 by 2X,2 ? (X2 -,2) 4. In order that 1 shall belong to GU6, it 
is necessary that T1= (:2 4)0, where C is a product of the Ci. Hence 

= 0. The case X 0 is excluded if S belongs to O. Hence OX,1 = I 
or C2C4. Hence S belonigs to G960. But the only even substitutions on 
01, ***, 05 which transform B3 into itself are I, B2, B3, B,. But neither B2 
nor B4 transforms C C0o,0C3CO, C0 CO amongst themselves. 

THEOREM. Within OQ, the group GU6 is self-conjugate only under J32. 
31. By a proof entirely analogous to the preceding, we obtain the 
THEOREM. Within 0p,, the group H6 is self-conjugate only under J332* 
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32. A substitution S which transforms GQ into itself must replace 5 by 
? 05 (Corollary III of ? 22). If S transforms C1 03 of G' into itself, then 
S = 01,302,40, where C is a product of Ci. Now 0: 3 OP 4 transforms B3 
into a substitution B' which replaces 0 and ~2 by 

2XIz +2(X2 - )3 2poT2 + (p2 -C2 

respectively. Since X2 + k2 = 1 and 2 is a not-square, then X2 - ,2 * 0. 
Hence XB = 0, pa = 0 if B' belongs to GQ, so that S belongs to (G169 B3). 
Now G3 is evidently self-conjugate under G Withiln the latter, C C3 and 8 ~~~~~~~~~~~~~~~64 ' 

C2 C are conjugate, as also B39 B3C, C3, B3 C2 C4, BB CCC4 Hee nciQ 
contains a substitution which transforms CQC3 into B3 and G3 into itself, G3 
will be self-conjugate under exactly 6 x 32 substitutions of OQ. Now an 
orthogonal substitution of period 2 replaces 05 by 4 5 and transforms C1C3 
into B3 if and only if it has the form 

all a2 -all -a12 
? 

1 12 a22 a12 a22 0 r 42411 

a l al al a2 ? 0 4at22-1J a11 a12 a11 a12 0 
0 4a~~~L~ 22 1 J 

-a12 a22 -a12 a22 

L 0 0 0 0 i1J 

It therefore transforms B3 into C1 C3 and B3C1 C3 and B3 02 C4 into themselves, 
and hence GQ into itself. We choose the sign =t to make the determinant 
equal + 1. If S is one such substitution, then S1= S(t1t3)C5 is another, 
since (l 3)C, transforms each substitution of G3 into itself. But * either S 
or S1 belongs to 0Q (? 4). 

THEOREM. Within OQ, the group G3 is serflconjugate only under H112 

33. Since G" contains C2C0O C4 CO and C5 CO, a substitution commutative 
with G" has (as in ? 30) the form 0O 3 , Ir in G&60* The first factor is evi- 
dently commutative with every substitution of G". It belongs to 0" if and 
only if it is a Q, 3 (of ? 3), the number of which is 2 (pnl - V). But the only 
even substitutions on , which transforms C2 C, C0 CO and C, C0 
amongst themselves are 

(62) I (T1t3)(t2t4) (t1t3)(t2t5) (t103)(t4t5) (t2t4t5) (02t5t4) 

THEOREM. Within 0Q,, the group G4' is self-conjugate only under 

(63) '[24(p--v) = [ ,3 9 G169 (62)] 

Forp7= 3 or 5, the only Qi,'A are land C1 C3. HenceI6 = [G16, (62)]. 

* For pn= 5, the values = = 2, 4- 1 - 1, make the transformer equal to 

C2 C3 C4 C5 (s2 $4 $3 ) R234 C2 C4 R124 ( $1 $4 $3 ) R234. 
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34. The group G 8 is evidently self-conjugate under G192 of ? 24. Within 
the latter C1QC is conjjugate with C C2, C,C,, C2C,, C2C4 and CQC4. It 
thus remainis to determine the substitutions S which are commLitative with both 
G1Q3 and G. As in ? 32, S 1 3?2,C. But 0,1 3 transforms G1C2 into 
a substitution which replaces {, and 02 by 

( p2 
- 

X2)>1 + 2X439 (Oy2 -p2 )02 + 2pa04, 

respectively. Hence must X1) _ 0, pa = 0. 
THEOREM. Within OQ, the group G is self-conjugate only under G192. 
35. A substitution S commutative with Kh must replace 05 by i= 05 (Corol- 

lary II of ? 22), and must transform C, C3 into itself or C2C4. Hence 
S = 01,3 02,4 Cor its product on the right by B2. Now O' /A0&P 4 transforms 
B3 C1 C5 into 

{= {3 &= {1 {2 2=S{2 + (p2 2)024, 

=4 (p2 - 
a2) 

- 2Pat4 9 _ = 
5- 

which belongs to K8 if aind only if po- = 0. According as a- = 0 or p = 0, it 
becomes B3C1CF or B3 C3C , respectively. Hence if 01 A OP 47 belongs to OQ it 
is a Q1, 3 Q1, 3B3, or the product of one of them by C2C4, Finally, B2 does 
not transform K,, into itself. 

THEOREM. Writhin Q, the group K], is self-conjugate only under 

(64) H -8(p.V) ( Q:, 3 B3, G16) 

For _pn = 3 or 5, this group becomes J32. 
36. A substitution commutative with H 3 must be of the type S of ? 35. 

Now 0 3 OP 4' evidently transforms B3C1C2 00: -1 00' -1 into itself. Hence 
it transforms into itself B3C1C =B3C C2 CC B3C2 B3C1C2C1C3, 

3C 4 3= 2 4 3C 3=B3C 2 lC 

B3QQ=B3 C1 C2* C1 C2 C3 C4. Also, B2 transforms H3 into itself. 
THEOREM. Within OQ, the group H3 is sefl conjugate only under 

(65) H4(pn-v)2 (Q1X 3 Ql, 3 X G64)X 

For pn = 3 or 5, this group becomes G64. 
37. A substitution S commutative with G2 must replace { by 4= 05 (Corollary 

II of ? 22) and transform C, C2 into itself or C2 C4. Hence = 01, 2 03,4 C or 
its product by B3, respectively. 

THEOREM. Within Q, the group G4 is self conjugate only under 

(65') = (Qx,:t QP:, aQ4> For ) H43 or5,thisgupnV)2 c 1,o 2 3,4 64) 

For pn_ 3 or 5, this group becomes G 64 . 
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38. The group K' is certainly self-conjugate under Hg, of ? 33. Within the 
latter C2 U4, C2CU and C4CU are conjugate, and H has substitutions which 96 

transforn C2 C4 into itself and C2 CU into C4 CU. It thus remiains to determine 
the substitutions S commutative with each C2 CU U2 CU U4 CU. Now S = 01, 3' C, 
where C is a product of the C. 

THEOREM. Within O., K' is seflfconjugate only under H2, 

39. A substitution commutative with K.." and hence with C1 C3 is either 
S 1"3/ 02, 1 Ior SCU. Now S transforms C1 C2 CU5 into 

{1 (tk2 X2)1 '+ 2\/t t 2XuT1 + (X2 _4 tk) 3 

t2- 02 {4- {4s t5- {5 

Hence Xu = 0 is the necessary and sufficient condition that the transform shall 
belong to K"'. The substitutions commutative with it are 

C02,4,5 (tl 3)C02,4,5 (V=1 c0t C30, CA3). 

The number of substitutions 02,4,5 of determinant ?= 1 is 2(p2n' _ l)pn, by 
Linear Groups, p. 160. Hence { 8 .2 (p2n )pn substitutions of 0u are 
commutative with K4". 

THEOREM. Within 0, K4" is self-conjugate only under G4n(,p2n-_l)* 
COROLLARY. Exactly pn(p2n - 1 ) (pnl- v) substitutions of OQ are commu- 

tative with C1 U5. 
40. A substitution S commutative with J. replaces t5 by ? 4i . If S is of 

determinalnt + 1 and is commutative with B3C1 C2 it has the form 

r a a a a 0 11 12 13 14 

a21 a22 a 23 a24 ? 

K= -aa a a a 0 K- 3 a54 a1 a12 0 

a23 a24 a21 a22 0 

0 0 0 0 +iJ 
If K is commutative with CU C2, then a13 = a14 = a23 = a24= 0. The resulting 
2(pn v) substitutions are commutative with B and hence with J8 and all 
belong to OQ. If K transforms C C2 into B3 (and hence B3 into C3 C4 and 
hence J. into itself), then a13 = all, a14 = a12, a23 = a21, a24 = a22* The orthog- 
onal conditions then reduce to a21 = a? 222 =z all, a21 + al2 I *. Denot- 
ing the resulting substitution by K,, we have K = K UC4. We proceed 
to show that K+ (and hence K ) does not belong to Q. Setting all = a and 
a12 = /3, we have for K+ 
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r a )3 a ,8 0 1 
/3- a /3-a 0 

[a, /3] a a /83 0 (a2?I2=) 

'-/3 a /3 a 0 

L 0 0 0 0 lj 

Forp = 3, [1, 1] = W2( 2 t)C 

[-1, 1] = [1, 112C3C4, [1, -1] = 2( 2 3 4) M t2)CIC2C4 

so that none of the [a, /3] belong to OQ. 
For any GF [pn] in which - 1 is the square of a mark i, we make the 

transformation of variables given in Linear Groups, p. 180, and get 

Y12 Y13 yl4 Y23 Y24 34 

Y2 (1 + a) - 1 (a+i/) 2i/ 2i/ -(a-i) 4I1 i- a) 

Y/32 ( a + iX3) -i/38 2 (a a-i/ O) I (a - i/ )' a "2 , 
Y13 1 1( R 2 1 a -2 (+a) a+i) - 21i(a+i 

Y, ia)3 -1(a-i/3) 1(1-a) 1(1-ia) l(a+ -i a ?i3) 

Y2'4 4 (a- i/3) a -'(a+i/3 ) - (a+i8) i/3 -(a-i/8) 

Y34 4(1-a) 1 (a + i/3) -li/3 -i/ 1 (a- i/) (1 + a). 

The determinant (141) of Linear Groups, p. 154, here e'quals 

4(1 + 2i,/)(a2 + i,/ + /32) 

and must be a square or zero. Applying a2 + /32 = 2, it reduces to 

12 (1+2i/3)2. 

By proper choice of i as a root of X2 1 , we can assume that 1 + 2i,8 $ 0. 
But 2 is a not-square. Hence none of the [a, /3] belong to Q. 

Finally, Cl C2 of J8 transforms B3C1 C2 into its inverse B3 C3 C4. 
THEOREM. Within OQ, the group J. is self-conjugate only under 

(66) 8(pX-y) (~P8 G32 9 Q1, 2 Q3 4)- 

COROLLARY. For p" = 3 or 5, J8 is self-conjugate only under G32. 

41. A substitution S commutative with F." replaces t5 by ? t5 Then S is 
commutative with B2 C1 4 if and only if it has the form 
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all a12 a13 a14 0 1 

-a 12 all a14 - a13 O 

S1 L | 
a31 a32 a33 a34 

? 

a32 a31 a34 a33 

L 0 0 0 0 ?1j 

Helnce S1 is commutative with the inverse B2 C2 U3 of lB2 C1 C4. There are four 
further substitutions of period 4 in F"': B3U1 U2, B3 U3 C4, B4 C1 U3, B4 U2 U4. 
If 81 is comniutative with B3 C, C2, then a3l= a13, a32= -ax14, ac33 =all, 
a34= a12. The orthogonal conditions then reduce to alcI + acx2 + acx3?+ a14 0. 
Hence by Linear Groups, p. 47, there are p3 -p' substitutions S' of determi- 
nant + 1 commutative with B3 CUC2, and consequently commutative with 

B2 C C4 B3 C1 C2 = B4C1 C3 
and hence with the group F'"'. If 81 transforms B3CUC2 into its inverse, 
81 =SU1 C C2. If SI transforms B3 1U2 into B413, S3) and 
transforms B4 CU C3 into B3U3 3C4. By symmetry there exist orthogonal substi- 
tutions of determinant + 1 which transform F"' into itself and transform 
B2 1C 4 into B3U1 C2 and are commutative with B4 U1C 3. Hence there are 
6 .4 (p3n _ pn) orthogonal substitutions of determinant + 1 which are com- 
mutative with F"'. Exactly half of these belong to OQ, since (t102) U1 trans- 
forms B2 C1 C4, B3 C1 C2 and B4 C1 C3 into B2 C1 C4 B4 C2 C4 and B3 C1 C21 
respectively, and hence F... into itself. 

THEOREM. Within OQ F' is self-conjugate only under G12pt(plni). 

42. The group K4 contains I, C C3, B3 and B3UU3. Now C1CU trans- 
forms B3 into B31 UC3, and C1 C3 into itself. By ? 32, OQ contains a substitu- 
tion which transforms C1C3 and B3 into each other. Hence the number of 
substitutions of OQ commutative with K4 is 6 times the number commutative 
with each of its operators. If (aij) is commutative with CU C3, then a12, a14,a15, 
a32, a34, ca35, a21, 9a23, xa4l, a43, a51, a53 are all zero. If it is also comnmutative with 
B3, then a3, = al3c a33 = all , a42 = a24, a44 = a 22 ac45 a25 c a54 =cax25 The 

resulting orthogonal substitutions are 

rcall 0 a13 0 0 1 

0 o cx22 0 c24 c253 al +a13=1, Xlla13-O 

(67) Ia3 ? al 0 0 | 2S2 + 
24 

6 
2 

--- 22a2 + 
L2 CL25 

- 
(67) cx~13 0 c11 0 02 

0 a24 0 a22 a25 L 52 ( X22 + a5z24 + a25 aIX5 = 

L ? a52 0 ac2 a55c) 
Trans. Am. Math. Soo 3 
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The condition that the determinant shall equal + 1 is 

(68) (a22 - a24) [ a55 (a22 + a24 - 2a2sas2] = 1 

The conditions on a22, a24, a25, a52, a55 are seen to reduce to the following: 

(69) a24 a22 5, a5= 4- a25,a55= 2a22 1, 2a25+(2a221)2 = 1. 

By Linear Groups, p. 48, the last condition has pn ? v sets of solutions 
a25, 2a22 =1, if 2 is a not-square and ii = + it according as pn_ =41?1. 
There are 4 sets of solutions of a21 + a23 a, a =a30. Of the resulting 
2 4 - (p" + V) substitutions, half belong to OQ, since but one of the pair S and 

S( C3 does. 
THEOREM. Within OQ, K4 is self conjugate only under G24 (p-+v)' 

43. The group T. contains C1CG and CQCQ, but no further CtCQ. Hence, 
as in the proof of Corollary III of ?22, a substitution S commutative with T. 
must replace the pair l, I by ? =E, i 3 in some order. Hence Sis commuta- 
tive with C1 C3. If S be commutative with B3 , it is of the form (67), of which 
4(pn + v) belong to Q. Then S is commutative with B3G1C 3 and trans- 
forms B3C1 C. into B3 ClCO or B3C3 C0, since it transfornms C1 C0 and C3 CO 
amongst themselves. Next, C, C5 transforms T7. into itself and B3 into B3 C1 C3, 
B3 C1 CO into B3 C3 CO. Finally, B3 and B3C1 CO have different characteristic 
determinants. 

THEOREM. Within OQ, Tf1 is self conjugate only under GU(P,+v) . 
44. Every orthogonal substitution commutative with B3C1 C5 has the form 

r all 0 a13 0 0 

I 0 a 0 a -a 2 2 2 X24 s2V +sxs--- X2 

| 0 a~~22 ? 24 a25 Ott,1 + OC3 = 1 22 + a24 a2b 

24 22 25~~~~~~2L2 (2 
(70) |_al 0 al ? ? i a5 aO225-ta 

i a24 0 a22 - a25 l2 CC2 5*- %4 CX + CC25 a555 J 

L 0 a52 0 -a52 a55 

The conditions on a22, a24, a25, a52, a55 and that for determinant + 1 are seen to 
reduce to (69) if the sign of a24 is changed in the latter. Hence these conditions 
have 2(pn + v) sets of solutionis. Again, a21 + ap3= 1 has p_ Isets of so- 
lutions. Hence exactly * p2n _ 1 of the 2 ( p2n - 1 ) substitutions (70) of 
determinant + 1 belong to O. 

Observing that C1 CU transforms B3C1 C. into its inverse, we may state the 
THEOREM. Within Q, the group (B5 C1 C5) is self-conjugate only under 

a group G2(p2nl)* 

* To make an explicit determination of themn, we proceed as in Linear Groups, ? 189. When 
-1 is the square of a mark i, (70) becomes 
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45. Since L8 contains a sinlgle cyclic subgroup (B3 C1 C5) of order 4, a sub- 
stitution which transforms L? into itself must be of the form (70) or its product 
by C, CQ. Now (70) transforms the substitution C1 CQ of L8 into 

Fa2 -a2 0 2aiian 0 0 1 

I 0 1-2a25 0 2a2 k 

(71) 2a11 a13 0 a - a23 0 0 [k -25(222-a24 )-a25 u5]5 

0 2a25 0 1 -2a2 -k 

L 0 k 0 -k 1 -2a4j 
If (71) reduces to C1 C5, then a13 =0, a25 =0 , a55 = 1, so that (70) becomes 
I, C C3, C2C4 or C C2C C in case it belongs to OQ. If (71) reduces to 
.C3C5 then all 0, a25 - 0, a55=-1, so that (70) becomes B3 Ci C. or 
B3 C Co (i = 1, 3), in case it belongs to 0Q The remaining substitutions 
of period 2 of ?8, other than C1 C3=(B3C C5)2,are B3 and B3C1C3. But 
(71) cannot reduce to either of these when 2 is a not-square. Now 

(72) I, C1C3, C2C4, C,C2C3C4, B3CC5, B3C Ci (iO1,3), 
together with their products by C1 C5, give the 16 substitutions of 016' 

Y 2 S 12 ( +13 0 0 ] ?3 2( -all) 

(13 12 t( al + a22) P p_ 1( all -(1122) 2a13 P+-=Y(a22 I + ia25), 

0 A B 0 P_~~~~~~~~~~~~~ = i~(a22=F 1 - a935), 
A = A2(a22 2a22 ia25 + a25 -1), 

0 PF C D P=F- 0 B 
= 

k(a22 F 2a22 ia25-ia25 + 1), 
C= (a22 2a22 =Fia25 + ia25 + 1), 

1 D(r-2)-P ~Iar x2 (a22 2a22 =F ia25 - ia2,5 - l). 2a13 '2 ( Otll as22) -Pt - P- 2(al+a2)-a3 V(2 a2Fa5t2- 

l (1 
- 

ail ) 2a13 0 0 2i13 2 (+ an- ) 

It is seen to be the second compound of 

F x y ry -rxl 

z w rw - rz 

-rz -rw w -z 1 + a + 

L rx ry -y xj 

if and only if the following conditions hold 

_ ____-P C2 + 2 A 2 ~-B 
X#= 1 + I2 +Z= r --+-2' xW-2( 12 + . )- X 1 + r2 1 +-r2 

zw-P=F IN 
P_ 

_Z a22 -- 1 Z2 -C-0 2_ D 
1+ r2 I + 1-2 

9 
Z 2 1 J+- 2i)' + r29}W- +r2 . 

We have 1 +- r2=2/(1+a-j). These conditions are seen to be conpatible and to determine 
(except as to sign) marks x, y, z, uv of the field if and only if any non vanishing one of the last 
four fractions is a square. For example, BC= (I1 - c22 )2 A):= 1 I + a22 )2, AB=- p2 

If aCC3 = c ?, N1+ I , we take r - 0. If acs3 =0. cq , 1, the formulae fail, but the sub- 
stitution (70) is then the product of the preceding by CQC3, so that one belongs to On if the 
other does. 
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THEORE.M. Within 0, the group L8 is selflconjugate only under G6. 
46. The group H>36 contains 8 substitutions of period 4: B3 Ci C and 

B3 Ci Co (i = 1, 3), all of which are conjugate under C- (? 6). A substitu- 
tion which transforms B3C, CQ into itself and C1 C, into a substitution of H 6 
belongs to the set (72). Indeed, the conditions on (70) are 

a2- =0 a =0, a22 = ,a =- l; 'or a -o a -0 a -0 a 1. 05 01 -2 25 13 24 335 

THEOREM. Within O,, the group "16 is self conjugate onl under G64* 

47. The only self-conjugate substitutiolns of period 4 of F16 are B2 C C3 and 
its inverse B2 C2 C4 (? 13). These must be transformed among themselves by 
any substitution commutative with F1. Every substitution S commutative 
with B2 C, C3 has the form 

a11 a12 a13 a14 0 

-a12 a11 -a14 a13 0 
S= a31 a 32 a 33 a 34 0 S = I asl 

a32 a33 a34 
?| 

a 32 a31 -a34 a33 01 

L 0 0 0 0 i} 

The further substitutions of period 4 of F,, are B2C1 C and B2 C2C3, B3C, C, 
and B3 C3 C4, B4 C1 C CC C4, the two of each pair being conjugate within 
G under which F1l is self-conjugate (? 10). 

If S is commutative with B; C' C4, then a13, a14, a3l, a32 are zero, so that 
S Oall2 a12 Q3a 4a34 if it is orthogonal and of determinant + 1. If further S 
be commutative with B3Cl C. and hence with F16, then a33 = a1, a34 a12. 
But if S transforms B3 C1 C2 into B4 C; C3. then a33 = a12, a34 =- a1, so that 
5 = Q11 a12 Qc0iall,( a2 )C, and hence is not in 0,, Heice O04all, a1i al2 and 
its product by Cl C2 are the only substitutions S of ?n which are commutative 
with F and B/i/l C4. Their products by B3 are the only ones transforming 
B2 C~C4 in to B2 C2 C3- 

If an orthogonal substitution of the form S transforms B2C, CC into B3C, C2, 
it has the form 

all a 12 a13 a14 0 

1a a -a a13 0 

S,4i| -l12 11 a14 1a3 0 | + 4X ) 

_ 1 al a12 a13 a14 0 

0 0 0 0 4?l1 

Its determinant equals 4 4 ( a2 + a2) (a23 + a24). We therefore take 
?=1= + 1. Then S' transforms B3C, C2 into 
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0 p 0 O 0 
-p 0-c- 0 

0 a 0 -p 0 (P 1 =2a14 4-2a12 a13 
11 13 2a1 a14 

0 p 0 01 
0 0 0 0 o 

Then p2 + -2 - 1. This belongs to F6 (and consequently 8' transforms Fl 
into itself) only when p- . 0. If c-= 0, it becomes B2 CC4 or B C2C3. 
If p = 0, it becomes B4 C1 C3 or B4 C2 C4 Since 2 is a not-square, the condi- 
tions on S' show that al1, a12 a13 au all differ from 0. Hence p = 0 gives 
a13= a1, a14 ==a12 while c- =0 gives a3 =ta12 a14 =F ail. From 
the remark at the end of the section it follows * indirectly that exactly half of 
the resulting substitutions belong to OQ. 

If an orthogonal substitution of the form S transforms B2CL C4 into B4 C3 
then S= 8'({34) C3. 

The total nunmber of orthogonal substitutions S of determinant + 1 which 
transforms Fj16 into itself is therefore 6.4 .(pn - v). These, together with 
their produc ts by C1 C3 (which transforms Fl. into itself and B2 C1 C3 into its 
inverse B,C C;), give all of determinant + 1 which transforms F16 into itself. 
But (t t)C1 transforms FI, into itself. Ience exactly 6- 4(pn - ) belong 
to Q. 

THEOREM. Within Q,2 FP6 is self-conjug ate only under G4(p,V). 
Another proof follows from the resuilts of ? 26. The substitutions of OQ 

commutative with B2 C1 C3 are found from those commutative with B3C1 C4 by 
transformation by (M2 3 4). From (55) we thus get 

(73) iBsig % B CC2? BjC3C4 ? Bi C1C2 C3 C 4 ] C1C31 ?B C1 C41 B - C2 C3 j B- .C4 
(i(B, 3;j, =B2C 4) 

Hence, for pnl - 3, these and their products by W( t2 e4 03) and by its inverse 
give all the substitutions commutative with B2C1 C3. Inversely, they trans- 
form F,, into itself. For pn= 5, the 12 types S' with a single vanishing al. 
are seen to be excluded as in ? 27. Consider next , *, the transform of 8' by 
(0 230.), where S' is the substitution of ? 11 subject to the conditions (56). 
We find that E * transforms C1 C2 and B3 into respectively 

* To give a direct proof for pn -3, we note a substitution given by the lower signs is the 
product of C3C4 and that given by the upper signs. For C13 all + 1, a14a = + 1, 
S'-W2 ( ~)2` 3 ); for l3 -= all - + 1 1 14z z1.- 1, S't W2( 2 $3 4 ) C2f'4B2; for a3z=a12z=1, 
a14 aZll--1 St = Q Q W( f2 43 )3 (4 ) C2 31---,S ; for 13-CX12 = 1, 14 -all1 t 

S'= C2C3 S"1 C C - All other cases follow at once froni these. 
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-o 0 p 0 X 0 0 0 (! 
o 0 0 0 0 X 0 0 fp= 2a,2+2 11aJ3a14 J 

o o- o o o J o o, -o o o 21as221 

o o 0 0 L 0 0 0 0 i 
Since p2 ? a-2 1, either p = 0, wlhence the first substitution is either B4 C1 C4 
or B4 2G3,or a = 0, whence it is either B3 or B3 C2C3C4. Since X2- 2 1, 
either X = 0 and the seconid substitution is either B4C, C4 or B4 C2 C3, or , = 0 
and it is either C, C2 or C3C4. The resulting substitutions all belong to F16. 
But B2C1C3, Cf!2 and B3 generate Fl,. Hence each of the 32 substitutions 
I* transforms Fl, into itself. These together with the 16 substitutions (73) 
give all the 48 substitutions of OQ which transform F'6 and B2 C1 C3 each into 
itself. But B2 transforms F16 into itself and B2C1 C3 into its inverse. Hence 
F is self-conjugate only under the group (C32, E*) of order 96. 

THE UNIVERSITY OF CHICAGO, 
July 25, 1903. 
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